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Neutron stars are thought to be excellent laboratories for determining the equation of state
(EoS) of cold dense matter. Their strong gravity suggests that they can also be used to constrain
gravity models. The two observables of neutron stars—mass and radius (M-R)—both depend on the
choice of EoS and relativistic gravity, meaning that neutron stars cannot be simultaneously good
laboratories for both of these questions. A measurement of mass and/or radius would constrain the
less well known physics input. The most common assumption—namely, that M-R measurements
can be used to constrain EoS—presumes general relativity (GR) is the ultimate model of gravity
in the classical regime. We calculate the radial profile of compactness and curvature (square root
of the full contraction of the Weyl tensor) within a neutron star and determine the domain not
probed by the Solar System tests of GR. We find that, except for a tiny sphere of radius less than
a millimeter at the center, the curvature is several orders of magnitude above the values present in
Solar System tests. The compactness is beyond the solar surface value for r > 10 m, and increases
by 5 orders of magnitude towards the surface. With the density being only an order of magnitude
higher than that probed by nuclear scattering experiments, our results suggest that the employment
of GR as the theory of gravity describing the hydrostatic equilibrium of the neutron stars is a rather
remarkable extrapolation from the regime of tested validity, as opposed to that of EoS models. Our
larger ignorance of gravity within neutron stars suggests that a measurement of mass and/or radius
constrains gravity rather than the EoS, and given that the EoS has yet to be determined by nucleon
scattering experiments, M-R measurements cannot tightly constrain the gravity models either. Near
the surface the curvature and compactness attain their largest values, while the EoS in this region
is fairly well known. This renders the crust as the best site to look for deviations from GR.
doi:10.1103/PhysRevD.89.063003 PACS numbers: 97.60.Jd, 04.40.Dg, 04.80.Cc
I. INTRODUCTION
Neutron stars with their diversity of astrophysical
manifestations provide many challenging problems that
make them interesting in their own right. Two aspects
of neutron stars, however, make these objects especially
important for fundamental physics: (i) the high densities
prevailing at the core of neutron stars make them possible
laboratories for determining the equation of state (EoS)
of the ultimate ground state of cold catalyzed dense mat-
ter (e.g., Refs. [1–9]; see Refs. [10–12] for reviews);
(ii) the strong gravitational fields of neutron stars al-
low them to be used as tools for testing or constraining
alternatives [13–19] or modifications [20–24] of general
relativity (GR) (see Refs. [25–27] for reviews). Neutron
stars cannot simultaneously be good test beds for both
questions (see, e.g., Refs. [28]). The often-mentioned no-
tion that neutron stars are excellent labs to constrain the
EoS presumes that GR is the ultimate theory of gravity
at the classical level. This seems to be a safe assump-
tion given that the parametrized post-Newtonian (PPN)
parameter γ (a measure of curvature) has been tested
with a precision of 10−5 [29, 30] and found to be con-
sistent with the prediction of GR, γ = 1. As argued in
∗ eksi@itu.edu.tr
the excellent review of Psaltis [27], however, these Solar
System tests constrain only weak-field gravity; gravity
in the strong-field regime is largely unconstrained by ob-
servations. The differences between GR and its alterna-
tives/modifications can become prominent in the strong
gravitational fields of neutron stars [31].
The mean density of a typical neutron star is ρ¯ =
3M∗/4piR3∗ = 0.67 × 1015M1.4R−36 g cm−3 (M1.4 =
M∗/1.4M and R6 = R∗/106 cm). This is an or-
der of magnitude higher than the densities probed by
nucleon scattering experiments [e.g. 32]. At the sur-
face of the star the compactness η∗ ≡ 2GM∗/R∗c2 =
0.416M1.4R
−1
6 and “curvature” K∗ ≡ 4
√
3GM∗/R3∗c
2 =
1.18 × 10−12M1.4R−36 cm−2 (see Sec. II for the defi-
nition of curvature), the two measures of the gravita-
tional field strength [27], are 5 and 14 orders of magni-
tudes larger, respectively, than their counterparts in the
Solar System (η ≡ 2GM/Rc2 = 4.27 × 10−6 and
K ≡ 4
√
3GM/R3c
2 = 3.06×10−27 cm−2). This large
unconstrained regime in gravity compared to that in the
EoS may not immediately imply that a measurement of
the mass and/or radius (M-R) of a neutron star would
constrain gravity models rather than the EoS of dense
matter: the density of a neutron star is nearly constant
at the core and drops by 15 orders of magnitude near the
surface meaning that a large fraction of the mass and
radius of the neutron star might be determined by the
unconstrained EoS regime, while the radially increasing
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compactness and curvature within the star could be in a
well-tested regime for most parts of the star. Such an ar-
gument is probably the reason for the persistence of the
general consent within the astrophysics community that
a sufficiently accurate M-R measurement would constrain
the EoS at the core of neutron stars rather than gravity.
Yet another reason could be that GR is singled out among
its alternatives as being the simplest valid model of grav-
ity, whereas there is no EoS that is equally as prominent.
To decide which—gravity or the EoS—is better under-
stood, it is necessary to quantify where within the star
the strength of gravity is beyond the values probed in
Solar System tests.
The two future X-ray missions—NASA’s Neutron star
Interior Composition ExploreR (NICER) [33] and ESA’s
the Large Observatory For X-ray Timing (LOFT) [34]—
are expected to measure the mass and radius of neutron
stars [35, 36]. The measurement of the mass and/or ra-
dius of a neutron star would constrain the less well known
physics input more than the other. Whether results from
these missions would constrain the EoS or gravity mod-
els depends on which of these physics inputs is less well
known within neutron stars. The purpose of this work
is to quantify the range of unconstrained gravity within
neutron stars in the framework of GR. This clarifies how
much the M-R relations obtained within the framework of
GR extrapolate its usage from its well-tested regime. In
Sec. II we present the hydrostatic equilibrium equations
and the definitions of the compactness and curvature that
we employ. In Sec. III we present our results showing the
radial profiles of the compactness and curvature within
the neutron star. Finally, in Sec. IV we discuss our re-
sults. We present the derivations of the curvature scalars
in an Appendix.
II. METHOD
The model for gravity determines the macroscopic hy-
drostatic equilibrium equations whereas the EoS is the
microscopic physics input. The mass and the radius of
the star (the two obvious observables) are determined by
the choice of both the gravity model and the EoS. In GR
the hydrostatic equilibrium of a star is described by the
Tolman-Oppenheimer-Volkov (TOV) equations,
dP
dr
= −Gmρ
r2
(
1 +
P
ρc2
)(
1 +
4pir3P
mc2
)(
1− 2Gm
rc2
)−1
(1)
and
dm
dr
= 4pir2ρ (2)
[37, 38] where ρ = ρ(r) is the density, P = P (r) is
the pressure, and m = m(r) is the mass within thera-
dial coordinate r. We solved these equations with the
boundary conditions ρ(0) = ρc, m(0) = 0, P (R∗) = 0
and m(R∗) = M∗. We employed AP4 [39] as the EoS,
P = P (ρ). By trying other EoSs we have seen that our
conclusions are independent of the choice of EoS.
In addition to ρ(r), P (r), and m(r), we calculate the
compactness
η(r) ≡ 2Gm(r)
rc2
, (3)
the Ricci scalar
R(r) = κ(ρc2 − 3P ), κ ≡ 8piG
c4
, (4)
the full contraction of the Ricci tensor
J 2 ≡ RµνRµν = κ2
[
(ρc2)2 + 3P 2
]
, (5)
the full contraction of the Riemann tensor (Kretschmann
scalar)
K2 ≡ RµνρσRµνρσ
= κ2
[
3(ρc2)2 + 3P 2 + 2Pρc2
]− 16κGmρ
r3
+
48G2m2
r6c4
,
(6)
and the full contraction of the Weyl tensor
W2 ≡ CµνρσCµνρσ = 4
3
(
6Gm
c2r3
− κρc2
)2
(7)
within the star. The derivations of these curvature
scalars for spherically symmetric metric in GR are pre-
sented in Appendix A.
Which of these curvature scalars should one use as a
measure of the curvature within a neutron star? It is well
known that the components of the Ricci tensor Rµν and
the Ricci scalar R vanish outside the star. The vanishing
of Rµν and R in vacuum can also be seen from Eqs. (4)
and (5), as they depend only on P and ρ which vanish at
the surface. This does not, however, mean that the space-
time of the vacuum as described by the Schwarzschild
metric is not curved: the Riemann tensor has nonvan-
ishing components, e.g. R1010 = −2GM∗/c2r3, in vac-
uum. Thus the non-vanishing components of the Rie-
mann tensor are more suitable measures of the curvature
of the spacetime than the Ricci scalar and the compo-
nents of the Ricci tensor. Instead of dealing with all
such components—all of which are at the same order—
one can employ the square root of the full contrac-
tion of the Riemann tensor (the Kretschmann scalar)
K ≡ √RµναβRµναβ = 4√3GM∗/c2r3, as a measure of
the curvature in vacuum. Note that in vacuum this is
equal to the square root of the full contraction of the
Weyl tensor, W, as can easily be seen from Eqs. (6) and
(7) with m(r) → M∗ and P = ρ = 0. Within the star
we employ K and W as two reasonable measures of the
curvature. They attain different values within the star
and approach each other at the crust, becoming identical
in vacuum.
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FIG. 1. The curvature scalars R, J , K, and W, and compactness η within a neutron star. The left panel (a) is for a star
with M∗ = 1.4M and R∗ = 11.43 km, and the right panel (b) is for one with M∗ = 2M and R∗ = 11.01 km in GR. The
core (AP4), inner crust (NV) and outer crust (BPS) are shaded with different colors. The grey shaded region is vacuum at
which K = W = 4√3GM∗/c2r3 is shown with dashed lines. At the centre Kc ' 2.64 × 10−12 cm−2 for M∗ = 1.4M and
Kc ' 4.7 × 10−12 cm−2 for M∗ = 2M. The curvatures K ' W ∼ 10−12 cm−2 as well as the compactness η ' 0.25 at the
crust are orders of magnitude larger than the curvature and compactness probed in the Solar System tests, K ∼ 10−28 cm−2
and η ∼ 10−5. It is seen in the right panel (b) that the Ricci scalar at the center of the star is negative up to ' 2km. The
fact that Ricci scalar takes negative values means that the AP4 EoS violates ρc2 ≥ 3P for high densities. This is an issue with
some EoS that are not fully compatible with special relativity but that describe nuclear matter based on the nonrelativistic
Schro¨dinger equation rather than a relativistic mean-field theory.
III. RESULTS
In Fig. 1 we show the radial variation of the curva-
ture scalars R, J , K, and W together with the com-
pactness η within a neutron star of (a) M∗ = 1.4M
and (b) M∗ = 2M. We have used the AP4 EoS
[39] for the core, the NV EoS for the inner crust [40],
and the BPS EoS for the outer crust [41]. To ob-
tain a 1.4M star we employed a central density of
ρc = 0.984×1015 g cm−3, which corresponds to a central
pressure of Pc = 1.44 × 1035 dyne cm−2. To obtain a
star with 2M we employed ρc = 1.53 × 1015 g cm−3,
which corresponds to Pc = 4.85 × 1035 dyne cm−2. We
see that at the center of the 1.4M and 2M stars,
Kc ' 2.64 × 10−12 cm−2 and Kc ' 4.7 × 10−12 cm−2,
respectively and K decreases only a few times towards
the surface, remaining 15 orders of magnitude larger than
K. If one uses K as a measure of curvature one would
immediately be drawn to the conclusion that GR is in a
less tested regime than EoS over the entire star. In order
to give the EoS uncertainty a “chance” to exceed that of
gravity (at least at the inner parts of the star) we choose
the square root of the full contraction of the Weyl tensor
W—which vanishes at the center and increases towards
the surface—as a measure of the curvature.
In Fig. 2 we show the radial variation, on a logarith-
mic scale, of the square root of the full contraction of the
Weyl tensor W and compactness η within a neutron star
of (a) M∗ = 1.4M and (b) M∗ = 2M, obtained again
with the AP4 EoS. We see that the “compactness” η is
above the value probed in Solar System tests (η ∼ 10−5)
for r & 10 m and increases as a power law to reach
η ' 0.5 at the crust. Even more remarkable is the “cur-
vature” W which goes beyond W = 3.06× 10−27 cm−2
for r ' 1 mm and increases as a power law (W ∝ r2) for
a large part of the star (see Appendix B). As a result the
curvature W is also several orders of magnitude larger
throughout almost the entire star than the values in the
Solar System at which GR is tested.
IV. DISCUSSION
Our results demonstrate that the strength of gravity
within a neutron star is orders of magnitude larger than
the gravitational strengths probed in Solar System tests,
indicating that the presupposition of the validity of GR
1550-7998/2014/89(6)/063003(9) 3 American Physical Society
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FIG. 2. The curvature scalar W and compactness η within a neutron star. Solid lines stand for the regime of gravitational
strength probed in Solar System tests (W < W = 3.06× 10−27 cm−2 and η < η = 4.27× 10−6) and dashed lines show the
untested gravity strengths. The left panel is for a star with M∗ = 1.4M and R∗ = 11.43 km, and right panel is for one with
M∗ = 2M and R∗ = 11.01 km in GR. We employed the AP4 EoS for the core, NV for the inner crust and BPS for the outer
crust. The compactness is above the well-tested regime of gravity for r & 10 m and the curvature is orders of magnitude above
the well-tested regime throughout the star, r & 1 mm. The curvature W ∼ 10−12 cm−2 and the compactness η ' 0.5 at the
crust are orders of magnitude larger than the curvature and compactness probed in the Solar System tests.
in determining the neutron star structure is an “extrava-
gant” extrapolation. The EoS, on the other hand, is only
an order of magnitude larger than what is being probed
in nucleon scattering experiments. This does not only
imply that an M-R measurement would constrain grav-
ity models more than EoS models, but also that—given
that EoSs produce very different M-R relations—it would
not be possible to investigate deviations from GR by any
measurement of M-R unless the EoS is fully constrained
by Earth-based experiments. The strong gravity of neu-
tron stars, nevertheless, might allow one to constrain
modified gravity models in a perturbative approach (see,
e.g., Refs. [20–22]).
Our results are consistent with that of DeDeo and
Psaltis [31], where the authors showed that M-R rela-
tions obtained by different models of gravity show a much
greater variance than M-R relations obtained with differ-
ent EoSs. Our results complement those of DeDeo and
Psaltis [31] by quantifying the strength of gravity within
the neutron stars and clarifies the fact that the domain
where gravity is in a not-well-tested regime largely over-
laps with the domain where the EoS is not constrained.
Our results for the domain of tested validity obviously
depend on the gravity model chosen, i.e., GR. The anal-
ysis we provide can be repeated for different viable grav-
ity models with parameters constrained by Solar Sys-
tem tests. Though such a systematic survey is beyond
the scope of this paper, the present constraints on the
mass and radius taken roughly as M∗ = 1 − 2M and
R = 8 − 15 km, already lead to a very large compact-
ness and curvature at the surface. These values obtained
via phenomena outside the neutron star can be taken to
be independent of the gravity model employed because
almost all models of gravity yield the same vacuum so-
lutions obtained with GR [42]. It then seems obvious
that in any gravity model the curvature and compactness
within the neutron star should increase radially from zero
to values that are orders of magnitude larger than those
probed in the Solar System tests. Hence any model of
gravity when employed for the structure of neutron stars
would actually be extrapolated from its domain of tested
validity.
A systematic stretching of GR beyond its regime of
tested validity by several orders of magnitude natu-
rally raises the question of whether there is any bias in
the historical development of EoSs, i.e., whether they
have evolved towards producing reasonable M-R relations
when used within the framework of GR. Such a ques-
tion becomes more significant given that astrophysical
measurements [1–7, 43], except for that of Refs. [9] and
[8], yield radii systematically smaller than that implied
by the Lead Radius Experiment (PREX) [44] within the
1550-7998/2014/89(6)/063003(9) 4 American Physical Society
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framework of GR [45].
GR sets a maximum mass Mmax for neutron stars [46]
with a different value for each EoS (see Refs. [47, 48] for a
review). The “two solar mass” pulsars PSR J1614−2230
[49] and PSR J0348+0432 [50] suggest that Mmax >
2M. The statistical analysis of Kızıltan et al. [51] fur-
ther suggests that the distribution of masses of neutron
stars in nature are not cut off at the upper end such that
stellar evolution could produce a low number of ' 2.5M
neutron stars. Within GR this favors stiff EoSs that to
yield maximum allowable masses of neutron stars larger
than 2.5 solar masses. It is hard to reconcile this result
with the small measured radii that favor soft EoSs within
GR. This may signal deviations from GR in strong grav-
ity unless there are systematic errors of order 30% in the
radius measurements. We are yet unaware of any grav-
ity model that yields 2.5 solar-mass objects with 9-11 km
with the present EoSs that is also consistent with the So-
lar System tests. Recently, Arapog˘lu et al. [21] showed
within an f(R) = R+ αR2 gravity model that the max-
imum mass of neutron stars becomes larger for smaller
values of α, while the radius remains nearly constant.
This model of gravity then gives large-mass objects for
α < 0 even with soft EoSs. The nonrelativistic limit
of such a gravity model, however, requires α > 0 [52],
rendering solutions with α < 0 nonphysical.
Both the compactness and the curvature reach their
maximum values near the crust. Considering that the
EoS of the crust is fairly well known [40, 41], we are led
to the conclusion that the crust of neutron stars provides
the best sites in the Universe for identifying deviations
from GR in strong gravity. Such phenomena displayed
by the crust are, e.g., the glitch activity of young pulsars
[53] and modulation of the cooling of neutron stars [54].
One may then expect deviations from GR to be identified
from, e.g., the glitch activity of pulsars given that GR is
the least constrained physics input in the description of
the phenomena by 14 orders of magnitude in curvature
and 5 orders of magnitude in compactness, according to
Fig. 2. Such a deviation from GR may already have been
observed! The recent inference [55] that the moment of
inertia of the crust of neutron stars is not sufficient to un-
derstand some of the glitch activity through the highly
successful vortex creep model [56, 57] may signal a devia-
tion from GR in strong gravity rather than a requirement
for the modification of the model itself. An investigation
of the effect of scalar fields [58] on the moment of inertia
of neutron stars is left for a future work.
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Appendix A: Curvature scalars in the star
In this appendix we derive the curvature scalars inside a spherically symmetric mass distribution. Specifically,
we calculate the Ricci scalar R, the full contraction of the Ricci tensor J 2 ≡ RµνRµν , the full contraction of the
Riemann tensor (namely the Kretschmann scalar) K2 ≡ RµναβRµναβ and the full contraction of the Weyl tensor
W2 ≡ CµναβCµναβ in terms of pressure P = P (r), density ρ = ρ(r) and mass m = m(r) within the radial coordinate
r.
The tidal force is the only sign of gravity that cannot be cast aside by a coordinate transformation. The tidal force
on a body moving along a geodesic leads to a distortion of the shape of the body and a change in the volume of the
body, both of which are captured by the Riemann curvature tensor. The trace component of the Riemann tensor,
the Ricci curvature, conveys precisely the information about how volumes change in the presence of tidal forces. The
Weyl tensor, being the traceless component of the Riemann tensor, only conveys information of how the shape of the
body is distorted by the tidal force and nothing about how the volume of the body changes.
We choose the coordinates as t, r, θ, φ, respectively. The most general spherically symmetric metric is given as
follows:
ds2 = −eac2dt2 + ebdr2 + r2dθ2 + r2 sin2 θdφ2 (A1)
where a = a(r) and b = b(r). Here
g11 = e
b =
(
1− 2Gm
c2r
)−1
, (A2)
but we refrain from using it until the end.
Einstein tensor with mixed components is
Gµν ≡ Rµν −
1
2
δµνR (A3)
where Rµν is Ricci tensor with the mixed components. The mixed components of the Einstein tensor are obtained
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from the metric as
G00 = −
eb − 1 + rb′
r2eb
(A4)
G11 = −
eb − 1− ra′
ebr2
(A5)
G22 = −
2(b′ − a′)− (2a′′ − a′b′ + (a′)2)r
4reb
(A6)
G33 = G
2
2 (A7)
where the primes denote derivatives with respect to r.
From the metric given in Eq. (A1) we derive the Ricci scalar as
R =
[
4rb′ − 2a′′ + b′a′ − (a′)2] r2 + 4(eb − 1− ra′)
2r2eb
, (A8)
the full contraction of the Ricci tensor, J 2 ≡ RµνRµν as
J 2 = 1
8r4e2b
{16(1− eb)2 + 16r(a′ − b′)(1− eb) + 4r2 [3(a′)2 + 3(b′)2 − 2b′a′]
+4r3
[
2a′′a′ + (a′)3 − 2a′′b′ + (b′)2a′ − 2(a′)2b′]
+4r4
[
4a′′(a′)2 + (a′)2(b′)2 − 2b′(a′)3 + 4(a′′)2 + (a′)4 − 4a′′a′b′]}, (A9)
the Kretschmann scalar, K2 ≡ RµνρσRµνρσ where Rµνρσ is Riemann curvature tensor, as
K2 = 1
4r4e2b
{16(1− eb)2 + 8r2 [(a′)2 + (b′)2]
+r4
[
4(a′′)2 + 4a′′(a′)2 − 4a′′a′b′ + (a′)4 − 2b′(a′)3 + (a′)2(b′)2]} (A10)
[59], and the full contraction of the Weyl tensor, W2 ≡ CµνρσCµνρσ, as
W2 = 1
3
(
r2[−2a′′ − (a′)2 + a′b′] + 2r(a′ + b′) + 4(eb − 1)
2r2eb
)2
. (A11)
We solve a′, a′′ and b′ from Eqs. (A4), (A5) and (A6) to obtain
a′ =
G11r
2eb + eb − 1
r
(A12)
b′ = −G
0
0r
2eb + eb − 1
r
(A13)
a′′ =
2(G22 +G
3
3)re
b + (2 + ra′)(b′ − a′)
2r
= −r
2eb
(
G00 −G11 − 2G22 − 2G33
)
+ r2e2b
(
3G11 +G
0
0
)
+ 2
(
e2b − 1)+ r4e2bG11 (G00 +G11)
2r2
(A14)
where in the last step we used b′ − a′ obtained from the first two equations. Plugging these into Eq. (A8) we obtain
the Ricci scalar in terms of the components of the Einstein tensor as
R = −G00 −G11 −G22 −G33
= −Gµµ. (A15)
Similarly, by plugging Eq.s (A12)-(A14) into Eq. (A9) we obtain
RµνRµν =
(
G00
)2
+
(
G11
)2
+
(
G22
)2
+
(
G33
)2
. (A16)
Again, by plugging Eqs. (A12)-(A14) into Eq. (A10) the Kretschmann scalar can be expressed as
K2 = 2G00G11 − 2G00G22 − 2G00G33 − 2G22G11 − 2G22G33
+3
(
G00
)2
+ 3
(
G11
)2
+ 2
(
G22
)2
+ 2
(
G33
)2
+8
(
G00 +G
1
1 −
1
2
(G22 +G
3
3)
)(
1− e−b) r2 + 12 (1− eb)2 e−2b. (A17)
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Finally, by plugging Eqs. (A12)-(A14) into Eq. (A11) the full contraction of the Weyl tensor becomes
W2 = 4
3
[
G00 +G
1
1 −
1
2
(G22 +G
3
3) +
3(eb − 1)
r2eb
]2
. (A18)
The Einstein field equation with mixed components is
Gµν = κT
µ
ν (A19)
where Tµν are the mixed components of the energy-momentum tensor and κ ≡ 8piG/c4. We assume that the energy-
momentum tensor is that of a perfect fluid,
Tµν =
(
ρc2 + P
)
uµuν + Pgµν (A20)
where ρ is the density, P is the pressure and uµ is four-velocity. Contracting the Tµν with gµν , the mixed components
of the energy-momentum tensor can be written as
Tµν =
(
ρc2 + P
)
uµuν + δ
µ
νP. (A21)
Thus T 00 = −ρc2 and T ii = P . Using uµuµ = −1 and δµµ = 4 the trace of the energy-momentum equation becomes
Tµµ = −
(
ρc2 − 3P ) . (A22)
Equation (A15) and the Einstein equation (A19) imply R = −κTµµ , and by referring further to Eq. (A22) the
Ricci scalar is obtained as
R = κ (ρc2 − 3P ) (A23)
in terms of the density ρ, and pressure P within the star. Similarly, the full contraction of the Ricci tensor in Eq.
(A16) becomes
RµνRµν = κ2
[
(ρc2)2 + 3P 2
]
. (A24)
Using the components of the mixed energy-momentum tensor given in Eq. (A21) and g11 given in Equation (A2)
we obtain the Kretschmann scalar given in Eq. (A17) as
K2 = κ2 [3(ρc2)2 + 3P 2 + 2Pρc2]− κ16Gm
r3c2
ρc2 +
48G2m2
r6c4
, (A25)
and the full contraction of the Weyl tensor given in Eq. (A18) as
W2 = 4
3
(
6Gm
c2r3
− κρc2
)2
. (A26)
Note that at the surface of the star ρ = 0, P = 0 and m = M∗ and so one obtains K2 = W2 = 48G2M2∗/c4r6
outside the star, a well-known result for the Schwarzschild metric. As a further check, note that these satisfy:
K2 =W2 + 2J 2 − 1
3
R2 (A27)
(see Eq. (3) in Ref. [60]).
For a star with uniform density m = 43pir
3ρ and plugging this into Eq.(A26) the full contraction of the Weyl tensor
vanishes everywhere within the star. This means thatW2 = 0 at the center of the star because m→ 43pir3ρc as r → 0.
It also means that W2 > 0 everywhere within a realistic star stratified as dP/dr < 0.
For a uniform-density star the negative term in Eq. (A25) becomes − 83κ2(ρc2)2 which is less than the first term
3κ2(ρc2)2, meaning that K2 is also positive definite. We have seen that the Ricci scalar R changes sign within the star
only for massive neutron stars M & 2M for the AP4 EoS. We observe that K and J attain their maximum values
at the center of the star. Near the surface J and R vanish, as expected as their vacuum value is zero. Within the
crustW and K approach each other, and they both have a local maximum and drop slightly to match 4√3GM∗/R3∗c2
at the surface.
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Appendix B: Calculating W near the origin
The full contraction of the Weyl tensor W2 ≡ CµνρσCµνρσ given in Eqn. (A26) vanishes at the origin. We found
that the numerical calculation of
W = 2√
3
(
6Gm
c2r3
− κρc2
)
(B1)
near the origin (r < 1 cm) requires careful treatment because the two terms in the parentheses are so close to each
other that their subtraction results in truncation errors larger than the value itself. We have solved the issue by
employing a series expansion of W near the center.
Consider the series expansion of P , ρ and m near the origin,
P = P (0) + P ′(0)r + P ′′(0)
r2
2
+O(r3) (B2)
ρ = ρ(0) + ρ′(0)r + ρ′′(0)
r2
2
+O(r3) (B3)
m = m(0) +m′(0)r +m′′(0)
r2
2
+m′′′(0)
r3
6
+m(iv)(0)
r4
24
+m(v)(0)
r5
120
+O(r6) (B4)
Note that P (0) = Pc, ρ(0) = ρc, and m(0) = 0 are used as boundary conditions. According to the TOV equation
given in Eq. (2), i.e., m′ = 4pir2ρ, we have further that m′(0) = 0. Taking the higher derivatives,
m′′ = 4pi(2rρ+ r2ρ′), m′′(0) = 0 (B5)
m′′′ = 4pi(2ρ+ 4rρ′ + r2ρ′′), m′′′(0) = 8piρc (B6)
m(iv) = 4pi(6ρ′ + 6rρ′′ + r2ρ′′′), m(iv)(0) = 24piρ′(0) (B7)
m(v) = 4pi(12ρ′′ + 8rρ′′′ + r2ρ(iv)), m(v)(0) = 48piρ′′(0) (B8)
Thus to a first order m = 43pir
3ρc near the origin, and by plugging this into Eq. (1) P
′(0) = 0.
The first TOV equation can be written as P ′ = Gmρξ/r2, where ξ is the relativistic correction
ξ =
(
1 +
P
ρc2
)(
1 +
4pir3P
mc2
)(
1− 2Gm
rc2
)−1
(B9)
The first TOV equation, by the chain rule
dP
dr
=
dP
dρ
dρ
dr
, (B10)
becomes
ρ′ = −Gmρ
2ξ
γr2P
(B11)
where γ ≡ d lnP/d ln ρ. This implies ρ′(0) = 0 upon using m = 43pir3ρc.
Taking the derivative of the TOV equation one obtains
P ′′ = −Gm
′ρξ
r2
− Gmρ
′ξ
r2
− Gmρξ
′
r2
+
2Gmρξ
r3
. (B12)
Using the second TOV equation, m′ = 4pir2ρ, in the first term, noting that ρ′(0) = 0 in the second term and using
m = 43pir
3ρc for the third and forth terms one obtains P
′′(0) = − 4pi3 Gρ2cξc where ξc = (1 + Pc/ρcc2)(1 + 3Pc/ρcc2).
Similarly, by taking the derivative of Eq. (B11) one obtains ρ′′(0) = −(4pi/3)Gρ3cξc/γcPc.
Thus, near the origin we have
P = Pc − 2pi
3
Gρ2cr
2ξ (B13)
ρ = ρc + ρ
′′(0)
r2
2
(B14)
m =
4
3
pir3ρc +
2
5
piρ′′(0)r5 (B15)
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by which we can obtain
W(r → 0) = − 2
5
√
3
κρ′′(0)c2r2 (B16)
Here γc ' 3 (for AP4) depending on the central density, which can be calculated from the EoS by γc = (ρc/Pc)∆P/∆ρ.
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